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Zero-field dipolar decoupling of color center ensembles via universal qutrit control
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Dipolar interactions are a major source of decoherence in dense ensembles of color centers in
diamond. Current protocols demand using bias magnetic fields detrimental in many scenarios. We
present ZENITH (Zero-field Ensemble Neutralization via Interleaved Trilevel Handling), a pulsed
sequence to cancel dipolar interactions among V-degenerate spin-1 systems. We reveal excellent
coherence survival, compatibility with existing sensing sequences, and improved DC detection,
advancing a general framework to control interacting degenerate multilevel systems, of broad interest

in quantum technologies.

Solid-state quantum systems such as color centers
in diamond underpin emerging quantum technologies.
The naturally accessible quantum properties, ease of
controllability, and versatility of applications has meant
an accelerated development of various types of implanted
defects in the diamond crystal structure. Possessing
a natural V-like spin-1 triplet (qutrit) ground state
manifold with degenerate |+1) states shown in Fig. 1(c),
the NV center is one of the most prominent quantum
magnetometers [1-4], offering a long coherence time at
ambient conditions [5-7].

Usually, a bias magnetic field aligned with the NV
center axis is applied to lift the |£1) degeneracy via
Zeeman splitting [8], thus attaining an excellent qubit
approximation in which to perform high-fidelity quantum
operations. On such qubits, on-site noise mitigation
protocols greatly increase coherence survival [9-14],
unlocking the NV center as a precise quantum sensor
[3, 15, 16], among other applications [17]. Furthermore,
suppression of interaction-induced noise —such as the
dipolar coupling presented in Fig. 1(b)— in qubit arrays
is also possible through homonuclear control sequences,
including WAHUHA [18, 19], which render ensembles
as collections of isolated spins and potentially increase
sensitivity [20].

Although decoupling sequences where originally
designed for qubits, generalization to multi-level systems
exist [21, 22]. Nevertheless, these sequences target
systems with well separated energy levels, failing when
used in NV center ensembles with no bias magnetic
field applied. Yet these magnetic fields brings important
caveats, such as masking weak interactions [23], or
causing structural changes in analyte molecules [24-26].
Operating at zero bias field allows the sensor to access
the J-coupling rich spectra of molecules [27-29], is crucial
for environment quantum control [30, 31], and permits
improving vector-field magnetometry [32], eliminating
systematic errors and simplifying the experimental setup

FIG. 1. ZENITH schematics (a) Experimental setup
representation for arbitrary control of an ensemble of color
centers. Two perpendicular microwave sources, orthogonal
to the NV centers symmetry axis, enable universal control of
the NV center ground state qutrit manifold. (b) Two-body
dipolar interaction among electron spins, described here
in relative spherical coordinates {r,8,¢}. (c) A driving
that matches the V-degenerate qutrit’s zero-field splitting
w ~ D enables double-state operators that create different
superpositions of the states |1) and |-1). (d) ZENITH
sequence of 7/2 rotations on different axes for dipolar
coupling removal. Microwave rotations are implemented
through pulses with tailored amplitudes and phases on each
control channel, as indicated by the amplitude-phase scheme
in the diagram.

[33].  Nonetheless, although controlling degenerate
states in isolated qutrits is possible through specifically
designed pulses [34—41], a dipolar decoupling sequence of
pulses capable of working at zero bias field with strongly
interacting qutrit ensembles is lacking. Our article fulfills
this gap.

In this article, we present ZENITH (Zero-field
Ensemble Neutralization via Interleaved Trilevel
Handling), a pulsed sequence to decouple dipolar
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interactions between color centers in dense ensembles at
zero bias magnetic field. We demonstrate the existence
of a sequence of eleven pulses, shown in Fig. 1(d), that
cancels the dipolar interaction, and use numerically
exact techniques [42], to reveal extended coherence
survival in qutrit ensembles. Moreover, we show smooth
integrability of ZENITH with a Ramsey-like sensing
sequence, leading to enhanced DC sensitivity. The
generality of our derivation makes it broadly applicable
to nearly degenerate three-level systems across diverse
platforms beyond NV centers.

Full  control of V-qutrits.— The Hamiltonian
describing an ensemble of V-symmetrical qutrits
with dipole-dipole interaction is

H=3 D07+ HOW] + S HEP . ()
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where D is the zero-field splitting that separates the |0)
state from the degenerate |£1) states, and S, is the
spin-1 operator along the quantization axis. Our aim
is to find the minimal sequence of pulse operators that
cancels the dipolar interaction Hgqy. Working in the
rotating frame with respect to D [(SS'))? + (ng))2] , and
ignoring the fast rotating terms, the dipolar interaction
Hamiltonian splits into H:i;j) = HJ(E”C) + HI(\}]C27 involving
energy-conserving (EC) and non energy-conserving (NC)
transitions, which are, respectively,
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Here, Jo = (2m)52MHz - nm?® is the interaction

strength, and {r,0,¢} the relative distance, and polar
and azimuthal angles between each interacting spin pair
[see Fig. 1(b)]. Eq.(2) includes single flip-flop or phase
flip terms, and is described by the use of spin operators
and the anticommutators S,, = {S,,,S.}, while
Eq. (3) includes double flip-up/down transitions. The
latter term, while effectively suppressed under high-field
conditions due to fast dynamics [22, 43], becomes a
distinctive feature in the zero- or low-bias magnetic-field
regime and must be explicitly addressed.

To achieve arbitrary control over the ensemble, we
consider external microwave radiation delivered through
two orthogonal cables located perpendicularly to the
NV’s symmetry axis 2, as shown in Fig.1(a) [44]. The
electromagnetic fields couple to the qutrits through
aY (t) = vB(t)- S, with 7 the electron’s gyromagnetic
ratio, and B, , = (;4(t) cos(wt + ¢4 ,) the transverse
components of the driving fields. Both microwave signals

have frequencies chosen to match the NV zero-field
splitting w ~ D [Fig. 1(c)] [37, 45], and the amplitude
Q, ,(t) and phase ¢, , are axis-specific. Working in the
rotating frame with respect to DS?, ignoring the fast
rotating terms through a rotating wave approximation,
assuming that 2(t) < D, we get the control

H\(t) = % {Qw(t) |:COS(¢:U)S$ + sin(sz)gy}

+Q,(¢) [COS(¢y)Sy — sln(¢y)§4 } ,

which permits universal manipulation of a qutrit through
the appropriate choice of amplitudes and phases for each
microwave source, as shown in the Supplemental Material
(SM) [46].

Zero-field dipolar decoupling.— To design a pulsed
control sequence that removes the dipolar coupling,
we employ Average Hamiltonian Theory (AHT), such
that the zeroth-order average Hamiltonian vanishes,
thereby suppressing the leading-order contribution to the
effective dynamics [47]. We address the two terms of the
dipolar interaction separately. First, we design a base
sequence that cancels the energy-conserving part Hgc
in Eq. (2). We then upgrade it to additionally suppress
the non—energy-conserving terms Hy¢ in Eq. (3).

To engineer the base protocol, we use the fact that
the four 7 /2 rotations generated by the double-transition
operators § = {Sx,Sy,gx,S’y} swap the set &' =
S U {S.,5.} in a closed manner [46], with the
anticommutator S, = {S,, Sy}. These unitary operators
correspond to linear microwave driving on each of the
orthogonal directions to the NV axis. Owing to the
two-body nature of the interaction, and the simultaneous
application of the operations to all qutrits, only the
absolute value of the resulting transformation is relevant.
Therefore, equivalent solutions arise from choosing either
+7/2 rotations. We define the set of rotations as V =

{X, Y,X, f/} _ ®j 6_i%5(j).

For a sequence of [ — 1 equally spaced pulses,
the zeroth-order average Hamiltonian of Hpc reads
HO = %ZZ T.H ECT;, where T; represents each

toggling frame transformation and 7 is the duration of
each interval. Then, T" = [7 is the total protocol time.
The transformations 7T; are obtained as chronologically
ordered products of the applied physical pulses Pj, i.e.,
T, = P - Py, P3s-..-P;. The decoupling procedure
can be described within an abstract group-theoretical
framework [9, 48]: The transformations T; are analogous
to the group elements g; of a finite group G, generated by
the elements v, € V. The action of GG is then equivalent
to projecting onto the G-invariant component of Hgc,
defined as llg(Hgco) = ﬁzgieG giHEcgg , where |G|
is the order of the group. Minimal decoupling sequences
are then subsets G, C G such that Ilg, (Hgc) = 0.
We identify such subsets through a search based on
the construction of the Cayley graph, I'(G, V), built by
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FIG. 2. Pictorial derivation of ZENITH dipolar decoupling sequence (a) Construction of the sequence that decouples
the energy-conserving dipolar Hamiltonian Hgc in Eq. (2). Minimal graph representing the connections between the different
pulsed-transformed versions of Hpc, denoted as g; € Gx (balls) through the set of /2 rotations V = {X,Y, X, Y} (arrows),
starting with a free-evolution time g1 = 1. All minimal solutions are achieved by two equally long paths (yellow and pink
arrows), both starting from the same pulse (orange arrow). (b) Decoupling the non-energy conserving dipolar Hamiltonian
Hpyc requires from Z pulses, obtained through the compositions ABA™! and B~ AB, where the pair (A, B) corresponds to
either (X,Y) or (X,Y). (c) Full dipolar decoupling sequence integration. (Top): When Z rotations are integrated in the Hgc
minimal decoupling sequence in (a) operators in odd positions alter as: X ,X & Y,Y, while Hyc is canceled just by a train
of balanced Z pulses. (Bottom): representation of the two distinct pulses sequences for complete dipolar decoupling. All 7/2
pulses are represented equally, although they can be realized as direct pulses or implemented through composite pulses.

joining the elements of G (vertices) through the elements
of V (directed edges), i.e., the pathways or pulses that
allow to arrive at any given frame considered.

Choosing to start with a free evolution, corresponding
to g1 = 1, we find four minimal subsets G,, of order
six that decouple Hgc, with vg € V denoting the initial
pulse. For clarity, here we restrict the analysis to the
subset Gx and discuss the generalization in Sec. IV of the
SM [46]. In Fig.2(a) we display the minimal subgraph
of the full T'(G, V) containing the decoupling group Gx.
Decoupling consists of traversing all the elements g; of
Gx, with ¢ € [1,6]. From the graph structure, two
distinct paths can be identified, each allowing traversing
the graph’s vertices through direct jumps, i.e, through
single pulses. Hence, we obtain a family of five-pulses
sequences that decouples Hgc.

For Hyc, we utilize the properties of global 7/2
rotations about the z axis (Z). These rotations are
accessible through the control Hamiltonian in Eq. (4)
by means of composite pulses, as both sets {S;,S,}
and {S,, S'y} close the spin-1 algebra with the operator
S.. The Z rotations generate a Z, symmetry under
which Hge is even, whereas Hyc is odd, satisfying
ZI’IECZJf = HEC and ZI{NCZ]L = As a
result, a sequence of intermediate Z pulses divides the
total evolution into multiple free-evolution intervals 7, in
which the non-energy-conserving contribution alternates
between H e and —H . If the pulse timings are chosen
such that the total time spent in both signs is equal, the
contributions compensate in the average Hamiltonian.
Therefore, repetition of m balanced (7-Z-7) blocks
suppresses the non-energy-conserving dynamics while
preserving the energy-conserving evolution (Fig. 2(b)).

—Hye.

The different transformation properties of Hpgc
and Hyc under Z rotations also provide the route
for full decoupling. Intermediate Z pulses isolate
either contribution, allowing additional control pulses
to be inserted between balanced Z blocks without
reintroducing non-energy-conserving contributions. The
train of Z rotations modifies the effective toggling-frame
transformations of the new pulses at the odd positions of
the sequence [46], as represented in Fig. 2(c). Therefore,
the full decoupling sequence is obtained by adding five
pulses whose transformed action reproduces the Hgc
decoupling solution in Fig.2(a). The ZENITH protocol
is then described as a family of eleven-pulse sequences
[Fig. 2(c)], with the freedom to choose the starting pulse
and an arbitrary phase ¢ = {—7, 5} for each of the
rotations.

Numerical verification.— We numerically characterize
the performance of ZENITH relative to an uncontrolled
free-induction decay (FID) by measuring the average
survival probability P of three distinct qutrit coherent
initial states: 1) = %(|O> +]+1), [4) = %(|0> +|-1)),
and |+) = %(Hl) + |—1)). With the experimental
performance in mind, we simulate a symmetrized
protocol by appending the reversed sequence to the
end, a standard technique for suppressing odd-order
terms in the average Hamiltonian [49, 50]. Being Ur
the unitary of duration T describing the system’s time
evolution, in Fig.3(a), we evaluate the stroboscopic
dynamics (Ur)™, n € Z*, with and without ZENITH,
and display the time evolution of P for different values
of JT (0.1,0.5,1,2), where J = J—g and ro is the
minimum distance between particles in the clusters. We



realize unitary time evolution using the Time-Dependent
Variational Principle [42] on sets of eight NV centers
following a homogeneous 3D distribution and average the
results for different numbers of cluster profiles until we
obtain convergence.

The sequence demonstrates excellent performance,
showing trivial evolution for a long time following state
initialization. We quantify this performance through
a protection factor Q = t./ty where t, and t; are
the times at which the average survival probability
with ZENITH and FID, respectively, decay to 95%
of its initial value. Across the considered interaction
range, Q@ ~ 290 — 10°. The parameter exhibits a
power-law dependence Q o< (JT)~% (see Fig.3(b)),
with scaling exponent o = 1.97 £ 0.02, which can be
used to estimate the expected protection factor for a
given concentration or to determine the optimal sequence
duration. For example, considering a representative
strongly interacting ensemble, with an NV center
concentration of 45 ppm, or dipolar interaction strength
of J = (2m)420kHz [43, 51], we get a protection factor
Q = 337 using experimentally accessible parameters of
pulse separation 7 = 20 ns and pulse duration ¢, = 5 ns
[44], thereby gaining more than two orders of magnitude
in average coherence time. The same experimental
parameters in a typical 15 ppm ensemble [52] lead to
Q =~ 2900.

The accessible system size in our simulations is limited
to clusters of, at most, eight particles, owing to the
computational cost of simulating all-to-all interactions
[53, 54]. To assess finite-size effects, Fig. 3(c) shows the
long-time asymptotic population average Ps as a function
of particle number N. The observed approximate 1/N
scaling agrees with standard finite-size corrections in
mean-field theory [55]. At N = 8, the deviation from
the infinite-size limit is only ~ 1072, supporting the
robustness of the results in Fig. 3(a).

DC magnetometry.— A central requirement of any
proposed dipolar decoupling solution is compatibility
with quantum sensing protocols. To assess its
achievement with ZENITH, we simulate the response of
an NV center ensemble to a longitudinally coupled static
(DC) signal, described as Hg = uS,, with p the signal
strength. Under H,, any given sequence of the ZENITH
family leads to a complex, three-frequency response
[46]. However, a Ramsey-like experiment in which the
initial pulse creates an equally weighted superposition
state of the two eigenvectors with the largest energy
difference, yields a signal oscillating at a single frequency
dependent on the signal strength and the maximal energy

separation, which for ZENITH is fixed at A\ = ﬁ(l +

V/3) ~ 0.789 [46]. Then, detection of the target signal
requires estimating the frequency of oscillation, just as
in conventional Ramsey, with the advantage of having a
significantly larger coherence time.
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FIG. 3. ZENITH performance (a) Numerical time

evolution of P, computed as the average of the survival
probabilities of the states [1), |{), and |+), on an ensemble
of eight randomly distributed dipolar interacting qutrits
under FID (solid blue line) and with the stroboscopic
implementation of ZENITH for values of JT = 2,1,0.5,0.1,
respectively. For the faster decaying uncontrolled evolution
and JT = 2 curves we average 10 cluster profiles to reach
convergence, while for the rest a single cluster profile is
enough, as no significant variations occur for the considered
duration. (b) Protection factor as a function of JT'. The
factor for the protocol with JT' = 0.1 is estimated to be Q ~
106526 (red mark) as a result of the fit. (c) Finite-size effect
study. For the evolution without ZENITH, representation
of the saturation population Ps between Jt = (492,500)
for N = 3,4,5,6,8. To reduce the effect of fluctuations,
we take the mean between (600,600,500,200,70) different
cluster configurations. (d) Simulated response of the average
of 20 cluster profiles of eight NVs at two different NV
concentrations (15 and 45 ppm) to a DC signal of coupling
strength T = 0.1, considering FID and a ZENITH protocol
with optimized initial state.

Figure 3(d) displays stroboscopic evolution on a cluster
of eight NVs targeting a DC signal of strength p =
0.1/T, both for FID and with ZENITH initiated on
the optimal measurement state, considering two different
experimentally relevant NV ensemble concentrations.
While for FID dipolar coupling induces a fast decay of
the signal, thereby preventing frequency estimation, the
large coherence time availed by ZENITH yields clean
oscillation from which the original DC signal can be
reconstructed. Note that, as we show in Sec. VI of the
SM [46], the optimal initial state can be achieved with a
single pulse, and therefore does not introduce additional
errors, nor it reduces the experiment time compared to a
FID experiment.

Discusstons and outlook. — ZENITH derivation is valid
in the impulsive limit, when the driving frequency
is strong enough to mask other contributions during
the pulse application time. Away from this limit,
several techniques can be implemented to make the
sequence robust against sources of extra dynamics
during the pulses, to account for the finite duration



of the pulses, or to remove higher-order terms in the
AHT. Strategies such as using composite pulses [56],
Pulse-cycle Decoupling [57-59], or Eulerian Dynamical
Decoupling [48], can improve the performance of the
sequence, at the price of extending the sequence with
several new pulses. The framework employed in this work
simplifies the derivation of Eulerian decoupling, as this
method involves completing an Eulerian cycle through
the complete graph T'(G,V), i.e., a closed path where
each edge is visited exactly once before returning to the
starting point. Complementary techniques, such as group
factorization [60], could help reduce the complexity of the
optimized sequence.

Additional noise sources not accounted for in the
derivation, such as strain, stray electromagnetic fields,
or magnetic impurities like the P1 centers common in
high-density NV ensembles [61], can limit coherence
survival beyond what ZENITH offers. In these scenarios,
full decoupling of the NV center’s environment is possible
through standard techniques that remove single-site
noise effects. Using the dipolar Hamiltonian invariance
under 7 pulses, dynamical decoupling processes can be
seamlessly integrated in ZENITH. Overall, many-body
interactions represent a fundamental limitation to
zero-field operations with dense ensembles of color
centers in diamonds. We solve the problem using a
universal set of operations readily accessible with tested
experimental setups. Using NV center ensembles with no
bias field brings opportunities for biosensing or molecular
spectroscopy, as well as applications beyond quantum
sensing, making of ZENITH a crucial addition to the
quantum technologies toolbox.
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Supplemental Materials for “Zero-field decoupling of color center ensembles via
universal qutrit control”

Section I. Gell-Mann matrices and useful operators

Working with NV centers in the zero- and low-field regimes generally requires retaining the full three-level
ground-state manifold, rather than reducing the dynamics to an effective two-level subspace. The system must
therefore be treated as a qutrit, whose general traceless Hermitian operators are spanned by the generators of the
su(3) Lie algebra. A standard basis for this algebra, together with the identitity 13x3, is given by the eight Gell-Mann
matrices [S1], defined below as

010 0 —i 0 100 001
AM=[(100],A i 0l,x3=(0—-10|,2=({000 (S1)
000 0 0 0 0 0 100
00 000 00 0 10 0
A5 Qo =100 1],\= OQ—i ,/\87% 01 0 (S2)
7 0 010 07 0 00 -2
For convenience, we work with an alternative set of matrices, namely the spin-1 operators and their anticommutators
Se = (X6 +A1)/V2, Sy = X2+ A7)/V2, S. = 3(As+V3Xs), (S3)

ga; = (/\1 - )‘6)/\/§ = {Svaz}v 5'y = (/\2 - /\7)/\@ = {Sy,SZ}, 5’2 = X5 = {Swvsy}-

The design of the protocol is based on 7/2 rotations over the axes described by the set S = {S;, .Sy, S, gy}, defined

as V ={X)Y, X , 37} = e7"35. The spin-1 operators and their anticommutators are transformed in a closed manner
under such rotations, following the relations presented in Table S1.

S« ]Sy [S.|S.[S, ]S,
X[ S, |S.[-S,| 5. [-5,]-5,
Y[-5.] S, | S, [-5.|-5.] 3,
X[-S.[-5,[-S,| 5. | 5. | S.
Y|-S.| S.|S.[-S.] 8, [-S,

TABLE S1. Transformations under 7/2 rotations in V' of spin-1 operators and their anticommutators

Section II. Derivation of the dipolar Hamiltonian

The general form of the two-body dipole-dipole interaction Hamiltonian is

ij J B a6 i) . 3G
HD = — TO 3(5®) n)(5<g>.n),5<>.5m]’ (S4)

with 7 the unitary vector connecting both spins. The expression can be expanded into

HY =~ % (3n2 = 1)SWSY) + (3n2 — 1)SSP) + (3n2 — 1)SI )
+ 3ngny (S SH) + S SU)) + 3nyn. (SVSD) + SHISD) + 3nyn. (S5 SH) + 50 SH) )] (S5)

We move to a rotating frame with respect to the zero field splitting D(S? 4 52 j)) [S2]. As the control consists
of global pulses simultaneously applied to each electron spin, we can treat the operator on each site individually and
then perform the tensor product. In this frame, the operators are transform through the relations

s, = %[ DLLY0] + [~1)0]) + e~ PE(|0N1| + o) ~1]] (56)
25 €2 (= 11001 + [=1)0]) + e~ P4(Jo)1] - o) ~1])] (57)



First thing to notice is that the term S, remains invariant under this transformation, and, therefore, the term S5,
will remain unchanged. Also, from the previous expressions, and considering that D is much larger than the rest
of the energy scales, all the terms involving tensor products of S, with both S, and S, will oscillate fast, making
them negligible under the rotating wave approximation. The different tensor products combinations involving S,
and Sy include both time-independent terms and terms oscillating with frequency 2D. Using the rotating-wave
approximation, we neglect the latter, leading to

Sl ® S, = %[\1o><o1| 1000 — 1] + [—10)01] + |—10)0 — 1@ tHe., (S8)
S @8, = %[— [10)01[ + [10X0 — 1] + |-10)(01] — [—10)0 — 1|} +He., (S9)
SL®s, =1 [|10><01| — 100 — 1| + |—10)(01] — |—10)0 — 1\} +He., (S10)
S' @S, =i [— 110)(01] — [10X0 — 1| + [~10)(01] + |—10)0 — 1\} tHe. (S11)

Using polar coordinates (n,,n,,n,) = (sinf cos ¢, sin @ sin ¢, cos ) and simplifying the expressions, we can rewrite
H gdj) as

H(;(;j) = rii”{(l — 3cos? G)Sg(i)ng)

= gsinz 0(e*?10 — 1)(10] + e~ 2?|01)(—10] ) — %(1 — 3cos® 0) (|01)(10] + [0 — 1)X—10] )} +H.c., (S12)

For notational simplicity, we drop the primes and indices and write HC/Z d” ) simply as Hgq. We express Eq.(S12) as a
sum of terms with different physical character, Hyy = Hgpc+Hync, where Hge and H y¢ denote the energy-conserving
(EC) and non-energy-conserving (NC) contributions, respectively. The former contains only single flip-flop and
phase-flip terms, whereas the latter includes double flip-up/down transitions. We write these terms as

Hpo = 21350 (45050 - 50800 — g5 - 30800 - 5055,

HW = =3Josin® 0e ™2 (110)(0-1] + |01)(-10]) + H.c. (S13)

273

Section III. Zero-field control

To describe the achievable arbitrary control of the qutrit sensor in the zero-field regime, we start from a Hamiltonian
describing the coupling between an NV center and two sources of electromagnetic radiation orthogonal to its symmetry
(2) axis

H. (t) =vB(t) - S = (2 (t) cos(wt + ¢5) Sy + Qy(t) cos(wt + ¢y,)Sy), (S14)

where , ,(t) are the time-dependent amplitudes of each of the sources, ¢, , are the corresponding phases and 7 is
the electron’s gyromagnetic ratio. In the rotating frame of the zero-field splitting DS? [S3,54] and applying rotating
wave approximation with the choice of driving frequency w = D, the Hamiltonian acquires the form

HU) = [0 (e [)0]) — i, (B~ |-)0] | + Hee, (s15)

written in the {|+) ,|—)} basis, where |£) = %(|+1):|:|—1>). It is also possible to write the expression more compactly
in terms of appropriate operators, in particular

H(t) = % {Qm(t) {cos(qbz)Sm + sin(qsz)Sy] +Q, (1) [cos(%)sy - sm(%)&} } . (S16)

Once we have the control Hamiltonian, we investigate its effect on the system’s populations. Although several
variables are present in the Hamiltonian, we can easily calculate the exponential due to a closed form of the powers
of the control Hamiltonian. In particular, the condition H? = (02 + Qi)Hc is fulfilled, allowing us to write the

exponential U(t) = e~ e ag



isin(Qt) cos(Q) —1
=1- H H 1
U) o S, (s17)
with Q2 = Q2 + ij If we calculate the value of H2:
HZ = Q% |0)0] + 202 [+)(+] + 2Q2 |- )~ + 2ie"@= %) Q,Q, |+)(—| + H.c. (S18)
The final expression for the evolution operator under two orthogonal microwave driving is then
cos(Qt) — 1
U®) = cos(Qt) [0XO0] + [+X+] + [=X=| + =z (QF [+)+] + Q5 |-X-1]) (S19)
in(Qt , , 2101 Q .
i (0 0 0]+ 2,7 |(0]) + 2T cos(2t) — 1) 0 (| + He,

From the previous expression, we can show direct access to an arbitrary combination in the double-quantum
subspace |x) = a|1) +b|—1) with a single pulse after initialization onto the |0) state. This is helpful, for example, in
initial state preparation. We seek a pulse of duration T such that there is no population leakage to |0). Consequently,
we need to avoid the |0)0| components in U(T). To accomplish this, we need the condition cos(Q2T) = 0 to be
satisfied. Therefore, if we let the system evolve for 7' = 5, there is no remaining population on [0). Applying the

evolution operator for time 7' to state |0), leads to

UelT) [0) = S (€77 [4) + €790, |-)), (520)

describing an arbitrary state in the double-quantum subspace.

Section IV. Family of solutions of the energy-conserving terms

In the main text we analyze Gx, one of the four minimal subsets that produce decoupling of Hgc. Here we present
the other three subgroups Gy, G ¢, Gy and the relations between them. The existence of this family of solutions comes
from the symmetric form of Hgc with respect to the generators of the rotations. To get more intuition, we write the
Hamiltonian in the following form

Hpe = Jdiag(—1,-1,4,—1,—1,0)S®(8U)HT (S21)

where J = ‘10(1%20329) and S = (S, 5y, S, S, S'y, S'Z) All the operators involved appear tensored with themselves.
Furthermore, we see that all the elements from the set S present the same weight in Hgc. This concept is the basis
that leads to a family of solutions.

The same effect is reflected in the Cayley graph of the group. We can see that the structure represented in
the main text is valid for the different initial pulses, with their corresponding decoupling groups. In Fig.S1(a) we
represent the generalization of the minimal subgraph that produces decoupling, which is valid for the four different
choices of initial pulse A = (X, Y, X ,17) The same pattern of pulses is repeated in all of the subgraphs, which
we represent by means of the dummy indices (A,B,A, B), which can present the values (X, Y,f(,f’), (Y, X,f/,f(),
(X,Y,X,Y)or (Y,X,Y,X). In a pulsed sequence form, we represent in Fig. S1(b) all the set of eight solutions to the
averaging of Hgo. Furthermore, we observe that the solutions can be grouped in pairs that can be traversed either
forward or backward, as the doublets (Gx,Gy) and (Gy,G¢) present symmetric solutions (Fig. S1(c)). This leads to
a generalization of all the possibilities in four pulsed sequences that can be traversed in both directions.

Section V. Derivation of the full sequence

By means of the Cayley graphs, we derived the sequences that average out the part of the dipolar interaction that
consist of energy-conserving terms. Additionally, we know that intermediate 7/2 pulse in the z direction (Z pulses) can
remove the part that contains non-energy-conserving terms while keeping the energy-conserving part invariant. Using
that property, we show how the addition of intermediate Z pulses in between of the original sequence produces full
decoupling, subjected to a modification in the odd pulses of the sequence. Let Hyq be the total dipolar Hamiltonian,
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FIG. S1. Family of decoupling sequences of Hgc (a) General minimal subgraph that produces decoupling. The structure
is valid for any initial pulse A € V, providing two different decoupling routes in each case. (b) Full set of eight decoupling pulse
sequences. (c¢) Due to the symmetry of solutions, the full set of solutions can be grouped in four different sequences that can
be traversed either forwards or backwards.

P; the j-th pulse of a sequence and Z; the i-th pulse in the z direction. To prove the validity of the sequence, we start
calculating the toggling-frame Hamiltonians one by one.

Ho = Hyg; Hy = Z1HgqZ]; Hy = Zy Py Haq P} Z]. (S22)
In the last expression, we can add an identity ZI Z1
Hy = Z\P\Z ZyHya Z] 7, P Z} = P Z Haa Z1 (P, (523)
where P/ is defined as a 7/2 rotation over the z axis acting on the pulse P;. The next term will be
Hs = P{Z1ZyH g Z3 Z} (P)T = P{Hua(P))T, (S24)

where we note that Z;Z5 leaves Hy,; unchanged, independently of the phases of the individual rotations due to its
global rotation character. The following contributions are

Hy = P|PyHaqP}(P])), Hs = P|PyZsHaqZ P} (P])T, (S25)

recovering back the structure of Hy and H;. This pattern will be repeated throughout the whole sequence.
Therefore, our new partial Hamiltonians will all include transformed operators in the odd positions (1,3,5 in our
case). Furthermore, using that RZHdde: = R?;HddRz allows to split the Hamiltonian into two groups of terms that
be treated separately. Defining H = Hgq + RZHdde7 we can calculate the zeroth order average Hamiltonian as
HO =321 H; = JH] = H+ (P))H(P{) + (P))(P)H(P) " (P))t + (P})(P2)(Py)H(P)T ()T (P])t+
(P)(P2)(P3)(Pa)H (Py) " (P3)T(Po)T (P + (P])(P2)(P3)(Pa)(P3)H (P3) T (Pa)T(P3)T (P2)T (P))T, (526)
where we defined the effect of the pulses as a functional J[e] acting on some Hamiltonian. The previous expression
has the form of a sequence consisting of five-pulses acting on the newly defined H. We consider now that the set of

rotations {P], Py, P}, Py, P} fulfills the decoupling condition for Hg.. Splitting the dipolar interaction into its two
constituent parts, we can show full dipolar decoupling

HO = J[H] = J[Hyq + R.HyqRl] = J[Hgc] + J[Hne| + J[R.HpcRY) + J[R.HyoRI). (S27)
Using that R, HgcR! = Hpc and R, HycR! = —Hyc, we get
HO® =2J[Hpe] + J[Hye + R.Hyc Rl =0, (S28)

showing that the zeroth-order dipolar interaction is fully removed.



Section VI. Signal response and optimal initial-state preparation

We consider the response of the NV sensor to a longitudinally coupled DC signal, described by the Hamiltonian
H, = pS,. (S29)

Under the application of any sequence belonging to the ZENITH family, this signal is mapped onto an effective
Hamiltonian of the form

Heg = —(N2Sz + 1ySy + 1252 + po2{Sz, 52} + 1y={Sy, S} + tay{Sz, Sy })- (S30)

o=

where the coeflicients 7, 13y = 1 depend on the particular sequence. In particular, due to the initial free-evolution
under H, eta, always presents the value +1. Thus, the sequence does not completely remove the signal, but rather
redistributes it over different operators. This redistribution reduces the effective signal amplitude. We quantify this
reduction through the spectral range of Heg, namely the difference between its largest and smallest eigenvalues.

To show that this reduction is universal for the whole family of sequences, we first remove the overall prefactor 1/6
and define

h = Sz"]a:S:c + nysy + ,uxz{sx; Sz} + ,Uyz{sya Sz} + ,foy{Sxa Sy} (831)

The eigenvalues of h are obtained from its characteristic equation,
N Te(h)A2 + % [Te(h)® — Tr(h2)] A — é [Tr(h)® — 3Tr(h)Tr(h2) + 2Tr(h%)] = 0. (32)
In the present case, h is traceless and satisfies Tr(h?) = 12, so this reduces to
A3 —6) — éTr(h?’) =0. (S33)

The only remaining sequence-dependent quantity is therefore Tr(h?). For the Hamiltonians generated by the ZENITH
family, one finds

Tr(h3) =—06 [Uyz (ny + szﬂwy) + e (faz — ny:uﬂiy)] . (834)

Since all coefficients take values +1, this expression can only take the two values Tr(h?) = £12. Indeed, writing the
expression inside brackets as

S = A(B + CD) + E(C — BD), (S35)

with A, B,C, D, E = +1, either CD = B or CD = —B. In the first case, S = 2A, while in the second case S = 2F.
Hence S = +2, which implies Tr(h3) = +12. The characteristic equation is therefore always one of the two cubics

N -6 +4=0. (S36)

For this equation (depressed cubic), there exist an analytical trigonometric formula for the three solutions

1 1 27k
AL = 2\/5(:05(3 arccos (i\/§> + g), k=0,1,2. (S37)
For A3 — 6\ 4 4 = 0, the eigenvalues are
A=2,  —1++V3,  —1-V3 (S38)

whereas for A* — 6\ — 4 = 0, they are
A=-2  1+V3,  1-V3. (S39)
In both cases, the difference between the largest and smallest eigenvalues is

AN=3+3. (S40)



Reintroducing the prefactor p/6, the effective signal frequency associated with the largest spectral separation is

1++3

I
Adet = = (3+V3) = . S41
n =GB HVE = (s41)
Thus, all ZENITH sequences produce the same signal-reduction factor,
JAD. 1 3
R Ader _ 113 (342)

po 23
We now determine the initial state that optimizes the sensing response. Let {|v;)} be the eigenbasis of Heg, with
corresponding eigenvalues F;, and consider a general initial state

) = alvr) + blv2) + clvs) . (543)
The survival probability under evolution with Heg is
P(t) = | (Wl ()
= la|* + |b]* + |c|* + 2|al?[b]|* cos(wiat) + 2]al?|c|? cos(wist) + 2|b|?|c|? cos(wast), (S44)

where w;; = FE; — E;. Equivalently,

t 3t t
Pit)=1—14 {|a|2b|2sin2 ("“22) + |al?|c]? sin? (“’;) + bJ2|c]? sin? <°“;3>} . (S45)

A state mixture of the three eigenvectors generally contains three different oscillation frequencies. To obtain a
single-frequency response, the initial state must therefore be restricted to a superposition of only two eigenstates.
The optimal choice is the pair of eigenstates associated with the largest spectral separation, |vmax) and |vmin). The
oscillation amplitude is maximized when both states enter with equal weight, giving

1 .
W}opt> = E (|vmax> + €Z¢ |'Urnin>) 5 (846)
where the relative phase ¢ can be chosen according to the desired readout quadrature.
It remains to show that these optimal states can be prepared with the available control. For this purpose, it is
useful to write the effective Hamiltonian in matrix form

Hg=|ao 0 5 |, (S47)
with
1 ) 1 .
Q= ﬁ (1 + foz — Z(ny + MyZ)] ) B = 72 [Me — Moz — Z(ny - /‘yzn . (548)

The characteristic equation can be written as
det(Hegr — A1) = A> — 6a® X + ifigy (@ B* — aB) + 1. (181> — |a*) = 0, (S49)
where we have used that all coefficients have the same modulus a. The corresponding eigenvector can be written as

1 *(nz + >‘)O‘ + iﬂxyﬂ*
=+ n2 + p2, — A ) (S50)
A (n: = N)B* — Uy

[o(A)

Using the characteristic equation, one finds that the normalized |0) component of these eigenvectors is independent
of the eigenvalue A\, up to a common phase convention. Therefore, the |0) component cancels in the equal-weight
superposition of the eigenvectors with extremal eigenvalues. In particular, one can choose

) = 7= (00w — [ohmin))) = 5 (A]+1) + B|-1), (351)

1
V2



which lies entirely in the double-quantum subspace. Hence, the optimal sensing states for the whole ZENITH family
are experimentally accessible by preparing an equal-weight superposition of the two extremal eigenstates, which
reduces to a state in the {|+1),|—1)} subspace.

To demonstrate the usefulness of using the optimal initial state for sensing, we display, in Fig.S2, the dynamics
for the cases of free induction decay (FID)evolution and ZENITH, where for ZENITH we consider either optimal
state preparation (|1)s)) or a random initial state (|14)). Fig.S2(a) shows that both ZENITH initial states oscillate
coherently for a long time, whereas FID signal is exponentially suppressed due to a short coherence time. A suboptimal
initial state preparation results in a signal that is an admixture of three frequencies oscillating together. The
consequences are presented in Figs. S2(b) and (c¢), where a frequency estimation with least squares fitting results
in a large error for FID, and unstable estimation for non-optimal state preparation, thereby requiring a much longer
evolution time to reach a good estimation. Optimal state preparation yields successful, largely error-free frequency
estimation. Importantly, initial state preparation is not resource-intensive as we proved that the optimal state can
always be achieved with a single initial pulse.

(@) [ (b)
/ 10°
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104 L
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0 25 50 75 100 050 1.0 15 2
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FIG. S2. Sensing of a DC signal. (a) Population evolution under a signal coupled to Hs = 0.5[J]S;. The bright blue line
represents the free evolution without the pulse sequence, exhibiting a rapid decay. The red and golden yellow lines represent,
respectively, the evolution with the implementation of ZENITH with |¢4) and with |1)s) as initial states. We can see the lack
of decay and the presence of three and one frequency, respectively. (b) Absolute value of the relative deviation from D for
different values of such strength, after a least squares fitting (top) and its relative standard deviation (bottom).
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